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Rela t ive ly  li t t le attention has  been paid to the p r o b l e m  of flow around se l f -p rope l l ed  bodies.  This p rob-  
l em was d i scussed  to a ce r ta in  extent  in [1], where  an asympto t ic  express ion  was der ived,  according to which 
the ve loc i ty  of two-d imens iona l  flow in the wake of a s e l f -p rope l l ed  body moving at a constant  ve loci ty  in a 
liquid which is at r e s t  at infinity d e c r e a s e s  with dis tance accord ing  to the s -3/2 law, i.e.,  much f a s t e r  than in 
the wake of an o rd i na ry  body exper ienc ing  the r e s i s t a n c e  of fered  by the liquid (in the la t te r  case ,  the veloci ty  
d e c r e a s e s  according  to the s -~/2 law [2, 3]}. 

It  was a s sumed  in [1] that the flow is s y m m e t r i c  with r e s p e c t  to the axis  along which the body moves .  
In this case ,  the to ta l  fo rce  and the total  moment  of fo rces  which the liquid exe r t s  on the body a re  equal to 
zero ,  and it is not c l ea r  what quanti ty p o s s e s s i n g  a physica l  meaning could be re la ted  to the undetermined co- 
eff icient  A in the a sympto t i c  exp res s ion  obtained in [1]. Fo r  this reason ,  it is imposs ib le  to answer  on the 
bas i s  of gene ra l  cons idera t ions ,  for  instance,  the question of when this coefficient  is not equal to ze ro  (and, 
consequently,  when the asympto t ic  exp res s ion  for  the flow veloc i ty  found in [1] does not become identically 
zero) .  It  is even unc lea r  whether  A can be nonvanishing in any speci f ic  case  of liquid flow around a s e l f - p r o -  
pel led body. 

Along with [1], one should also mention [2], where ,  with t h e  a im of reso lv ing  the so -ca l l ed  Filon paradox ,  
the f i r s t  few t e r m s  of an asympto t ic  expansion of the s t r e a m  function have been found for  two-d imens iona l  flow 
r e m o t e  f r o m  an a r b i t r a r y  cy l indr ica l  obs tac le .  Although the p rob l em of  liquid flow at la rge  d is tances  f rom a 
se l f -p rope l l ed  body has  not been r a i sed  in [2], one can obtain f r o m  the re la t ionships  found in [2] an asympto t ic  
exp re s s ion  for  the flow veloci ty  which has  the s ame  fo rm as the e x p r e s s i o n p r o p o s e d  in [1] by consider ing the 
case  of s y m m e t r i c  flow and set t ing the r e s i s t a n c e  force  equal to zero .  However ,  the above-ment ioned  p r o b l e m  
concerning the coeff icient  A r e m a i n s  unsolved also in this case .  

We cons ider  h e r e  the two-d imens iona l  p r o b l e m  of s t a t i ona ry  flow of a v iscous  incompress ib le  liquid 
whose the ve loc i ty  at infinity is V~o= (V.o, 0) around a cyl inder  with a mobile  boundary (see Fig. 1). The flow 
is s y m m e t r i c  with r e s p e c t t o  the x axis .  The mobile  boundary of the body acts as the motor .  The p rob l em of 
liquid motion throughout the en t i re  flow region is solved in the approximat ion of s m a l l  Reynolds n u m b e r s .  In 
pa r t i cu l a r ,  we have der ived  an asympto t i c  exp re s s ion  for  the flow veloci ty  at l a rge  d is tances  downs t r eam f r o m  
the body which has  the s a m e  f o r m  as the e x p r e s s i o n  p roposed  in [1].* The re la t ionship  between the coefficient  
A and the conditions at the body su r face  has  been de te rmined .  

w Assume that  a is the cyl inder  rad ius ,  v is the k inemat ic  v i scos i ty  coefficient ,  Re = a ~ / v  is the 
Reynolds number ,  x =X/a, y = Y / a  are  d imens ion less  Car te s i an  coordina tes ,  r = q ' ~ / : ~  is the d imens ion less  
po la r  radius ,  0 is the po la r  angle, f(0) is a ce r ta in  odd function, defined ove r  the in terva l  [ - -~ ,  Z]; h = c)VOx "z q- 
02/0!1 ~ is the Laplae ian  ope ra to r ,  T = a~-aV~ is the s t r e a m  function, V =V~u is the liquid flow veloci ty,  9. = 
oW~/a is the vor t lc i ty ,  and F is the total  fo rce  exer ted  by the liquid p e r  unit length of the cyl inder .  

The d imens ion less  s t r e a m  function of the flow under  cons idera t ion  const i tutes  the solution of the equation 

@ 6x 8x 8y - ' r =  R~A2~; 

it sa t i s f i e s  the conditions 

~" = O, 91]:(Or ~- --e/  for r = 1; 

@ = 0 ,  ~.,_~;/@z=O for y = O ,  I x [ ~ l ;  

O~'dx -'+ O, daJVO.q --~ t as r ~ ~ . 

(z.2) 

(1.3) 

(1.4) 

* The re  is a pr in t ing  e r r o r  in th is  exp res s ion  in [1]. 
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Fig.  1 

Due to flow s y m m e t r y  with r e s p e c t  to the x axis,  the p ro j ec t i on  of  the v e c t o r  F on the y axis van i shes .  
Thus,  F = (F, 0). 

The funct ion f(0) can be a s s igned  so that ,  fo r  any Re, a value o f  e can be found such  that  F = 0 .  This is 
c o n f i r m e d  by the fol lowing example .  If 

](0) = - - 2  sin 0, e(Re) = 1, 

the solut ion of  p r o b l e m  (1.1)-(1.4) is g iven by 

, - -~  ( r - - r  -1) sin0, 

and the f o r c e  ac t ing  p e r  unit  length o f  the  cy l inder ,  found f r o m  this  solut ion,  van i shes .  T h e r e  obvious ly  ex i s t  
o the r  funct ions  f(0) such that  F = 0  for  a sui table  choice  of  e (Re). It is a s s u m e d  th roughout  this  a r t i c te  that  the 
points  o f  the bounda ry  move  in such  a m a n n e r  tha t  the condit ion F = 0  is sa t i s f ied .  The total  m o m e n t  of  f o r c e s  
exe r t ed  by the liquid p e r  unit  length of  the cy l inde r  is also equal  to z e r o  in the case  under  cons ide ra t ion .  

The p r o b l e m  (1.1)-(1.4) is so lved  h e r e  in the approx ima t ion  of  sma l l  Reynolds  n u m b e r s  Re, us ing  the 
method  of  a sympto t i c  ma tch ing  of  in te rna l  and ex t e rna l  expans ions  [4]. 

w A s s u m e  that  ~,, u,  o~ and ~ can be expanded in the fol lowing a smyp to t i c  s e r i e s  for  R e - - 0 :  

r  0, Re)--~ ~0(r, 0) ~- gl(Re)~l(r , 0) ~ . . . ;  
u(r,0, Re) --. u0(r, 0) ~ gl(Re)ul(r, 0) ~- . . .; 

co(r, 0, Re) ~ co0(r, 0) ~ gl(Re)oh(r, 0) ~- . . .; 

(2.1 a) 

(2.1b) 

(2.1c) 

(2.2) e(Re) ~ eo -~ gl(Re)el + . . . .  

w h e r e  gl(Re),  g2(Re) . . . .  is a c e r t a i n  sequence  of  hmct ions  such tha t  lira g l=  0, lira g~+l = 0, m = t, 2 . . . .  
Re~0 Re~0 gm 

The a s y m p t o t i c  expans ions  obta ined for  Re-*0  and fixed va lues  of  r and O will  be r e f e r r e d  to as in te rna l  ex -  
pans ions .  By subs t i tu t ing  (2.1a) and (2.2) in (1.1)-(1.4) and re ta in ing  only the dominan t  t e r m s ,  we define the 
z e r o - a p p r o x i m a t i o n  p r o b l e m :  

h~*0 = 0; ( 2 .3 )  

*o = O, 0 , o  'ar = --eo.f for r = t;  (2.4) 

"r --- O, O"*o/Oy ~" = 0 for y = 0, lxl > l; (2.5) 
O~;o'OX --+ O, O~'olOg --+ t as r -+ oo. 

(2.6) 

A s s u m e  that  the function f(0) can be expanded in a F o u r i e r  s e r i e s :  

! (0) -- ~ ]m sin m 0. 
r n ~  

(2.7) 

By so lv ing  Eq. (2.3) and us ing  (2.4) and (2.5), we find 

) [ J e~ , ~o . m b m  
-t- b m - -  mcm - -  "~.[,{  r ~ . . . .  7- 7 . t m  -~- ( m  - -  1)cm---7-~- ~ 7 ..... 

whe re  a0, bin, and c m a r e  a r b i t r a r y  cons tan t s .  

- -  bm r u+m :- c , ~ r m t s i n  m m-t- 1 J 
O, 

(2.s) 
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Having p e r f o r m e d  s imple  calculat ions,  we sa t i s fy  ou r se lves  that the total  fo rce  pe r  unit length of the 
cyl inder  exe r t ed  by the liquid in the approximat ion under  considera t ion  vanishes  if, and only if, the following 
exp re s s ion  is sat isf ied:  

bl - -  e o f l  - -  2 3 0  = O .  

The t e r m  propor t iona l  to r In r sin 0 vanishes  in (2.8), as a r e su l t  of which the well-known Stokes paradox [4], 
c h a r a c t e r i s t i c  for  the two-d imens iona l  p r o b l e m  of  s t a t ionary  flow of a v iscous  liquid around a body for  s m a l l  
Reynolds number s ,  does not occur  in our case .  

By using (2.6), we finally find 
co 

~o = ~- ~ fm( r-m -- r 2-m) sin ra 0, (2.9) 

where  e0fy/2 = - 1 D 

The scope of appl icabi l i ty  of  the obtained solution depends on the sma l lnes s  of  the iner t ia l  t e r m s  in c o m -  
par i son  with the v iscous  t e r m s  in the liquid flow equations.  After  de te rmin ing  the i r  values  by means  of (2.9), 
we can show that  this condition is violated if r i l e  ~1.  The re fo re ,  along with expansions  (2.1), it is n e c e s s a r y  
to consider  expansions  which desc r ibe  the flow in a ce r ta in  ex te rna l  region while matching in some definite 
manne r  [4] the in terna l  expansions .  It should be noted that  condition (2.6) at infinity, which is used above, 
coincides with the condition for  matching the dominant  t e r m  of the internal  expansion of u with the dominant  
t e r m  of  the ex te rna l  expans ion of u which is de te rmined  below. 

w Assume  that  9 ,  u, and ~ can be expanded in the following asympto t ic  s e r i e s  as i l e ~  0-" 

, ( P ,  0, R e ) ~  ~e sin 0 + hi i re) ,(1)(p,  0 ) - ~ . . . ;  (3.13) 

u(R2 ~, O, B e ) ~ i  ~- Reh, CRe>uO)Cp, O> ~- . . . :  (3.1b) 

0, Re)  R ,h, (Ro) (,o, o)+ . . ,  (SAc) 

where  p = V ~  ~- y~, x = Rex, y = Bey; i = V~/V~; h~(Re), h2(Re ) . . . .  is a cer ta in  sequence of hmctions such 

that  

lim Re hl --- 0, lim h. ~+1 = 0 ,  m ~ - l , 2  . . . .  
R e ~ 0  Re-~0 hrn 

The asympto t ic  expansions  obtained for R e - - 0  and fixed values  of p and 0 will be r e f e r r e d  to as the ex te rna l  

expans  ions. 

As a r e su l t  of  flow s y m m e t r y  with r e s p e c t  to the x axis ,  we have 

o)(") = 0  for y = 0 ,  x=f:0, m =  t, 2 . . . .  ;: (3.2) 

r = 0 ~ h = o,  ~ ~ 0 ,  m = i ,  2 . . . .  ( 3 . 3 )  

For  p-* o% u-~ i,. so that  the following mus t  hold: 

(0( m)--~0 as p - , -oo ,  m----l ,  2 . . . .  ; (3.4) 

u(~ )-~ 0, u(~)-~ 0 as p-+ ~o, m = 1, 2 . . . . . .  (3.5) 

where  u (m) and 4 m) are  the x and y components  of  the vec to r  u {m), r e spec t ive ly .  

We r ewr i t e  Eq. (1.1) in t e r m s  of  the v a r i a b l e s  x and y and subst i tute  in it (3.1a); re ta in ing the dominant 
t e r m s ,  we then obtain 

where  A= Dg/3x ~ *02/8~.  The solution of this equation that  sa t i s f i e s  conditions (3.2) and (3.4) is given by 
oc 

o) (1) = e ~/2 ~ AmKm (p,;2) sin m 0, (3,6) 

where  K m is MacDonald ' s  function, and A m are  a r b i t r a r y  constants .  
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~4. We now p a s s  to the p r o b l e m  of  m a t c h i n g  the in te rna l  and the e x t e r n a l  expans ions .  A s s u m e  tha t  Q 
is a se t  o f  funct ions q(r ,  0, Re), which,  fo r  R e - - 0 ,  can be expanded in the fol lowing a sympto t i c  s e r i e s :  

q .-. ao(Re)qo(r, 0) -~ a,(Re)qx(r ,  O) - -  . . . .  

q .~ ~o(Re)q(~ 0) + ~l(Re)q(*)(p, 0) --' . . . . .  

where  s0(Re) , ~l (Re)  . . . . .  30(Re), #i(Re) . . . .  a r e  c e r t a i n  sequences  of  funct ions ,  such that  

lim a~+i 0, lira ~=i R~-.-o ~"--~ = ~-o ~ = 0 ,  m = 0 , 1 , 2 , . . .  

L e t  us  def ine  the o p e r a t o r s  IGm and E~n:OVer the se t  Q: 

I%q  ~ % linl q for fixed values of r and 9 
1Re~0 ~ u  

q --  Iam_l  q 
I % g  : I~ , ,_1 q + a , ,  lim for fixed values of r and 0 

Re~0 ~Xm 
m : 1, 2 . . .  ; 

Ef~ o q -- ~olim q Redo ~00 for fixed values of P and 0 

q --  Ef~,_l q 
E~ n q = Elan_ 1 q '.-- ~n iiul for fixed values of P and e 

Re~0 ~ 
n :=  1, 2 , . . .  

The p r inc ip l e  o f  a s y m p t o t i c  jo ining [4] is used  below for  ma tch ing  the in te rna l  and e x t e r n a l  expans ions .  A c c o r d -  
hag to this  p r inc ip l e ,  the fol lowing r e l a t ionsh ip  holds  for  the o p e r a t o r s  Iexm and EZn: 

I%~E~nq = E~Jc*mq" (4.1) 

In p r a c t i c e ,  the m a t c h i n g  involves  a cho ice  of  in te rna l  and ex t e rna l  v a r i a b l e s ,  de t e rmina t i on  of  the c o m p a r i s o n  
funct ions ,  e tc .  [4]. As a ru le ,  any spec i f i c  solut ion of  these  p r o b l e m s  has the c h a r a c t e r  of  an assumpt ion ,  
which is jus t i f ied  by a s u c c e s s f u l  ma tch ing .  

In the c a s e  trader cons ide ra t i on ,  the dominan t  t e r m s  of  the in te rna l  and ex t e rna l  expans ions  of  w are  
ma t ched  if h i (Re)=  Re n-2 '  where  n = 2, 3, 4 . . . .  is the n u m b e r  of  the f i r s t  nonvanish ing  coef f ic ien t  fn in (2.7) 
(not count ing fi). A s s u m e  that  f2 ~0 and, c o r r e spond ing ly ,  h i ( R e ) = 1 .  Us ing  (2.9), we find 

ERe:[,o) : - -  EI~e'-A~P0 : --  2e0f2Re~p -2 sin 20. 

Cons ide r i ng  tha t  E R e 2 I ~  = I1ERe2W and us ing  (3.6), we obtain 

Ao ---- --e0/j4, Ah = 0, k = 3, 4 . . . .  

Thus ,  
i �9 -~ pcos 0 ( l ) 

~o(~) --  e - A , K  1 (p,'2) --- - 7  eofo_K 2 (p'2)cos 0 sin 0. (4.2) 

Now c o n s i d e r  the N a v i e r - S t o k e s  equat ion and the equat ion o f  cont inui ty:  

(u.v)u --- --Vp + Au; (4.3) 

�9 u = 0, (4.4) 

whe re  V = (0h)x, 0/Oh,); p(W~o is the p r e s s u r e ,  and a is the dens i ty  o f  the liquid. 

Le t  us expand p in the fol lowing a s y m p t o t i c  s e r i e s  for  R e ~  0 

p N p~ -- Rep(i)(p, 0) -:- Rehc(Re)p(2)(p, 0) -',- . . . ,  (4.5) 

where  po~ is tile va lue  o f  p at infinity. 

By subs t i tu t ing  (3.1b) and (4.5) in (4.3) and (4.4) and re t a in ing  only the dominan t  t e r m s ,  we obtain 

0uO)/0x = --XTp(1) + s (4.6) 
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�9 u(') = 0. (4.7) 

Equat ions  (4.6) and (4.7), as is known [5], h a v e  the foi lowing so lu t ions :  

<') 0~1~ + ax/o~ --z; (4.8) 

.(:) = 0r + oz/o~ (4,9) 

p(') = --0(I)/0x, (4.10) 

ff A O = 0; (4.11) 

8X/0x ---- AX. (4.12) 

By so lv ing  Eqs .  (4.11) and (4.12), c o n s i d e r i n g  tha t  07./0y = co (~) and us ing  (3.5), (4.2), and (4.8)-(4.10),  we 
obta in  

oo 

(t) _ a,p_~ cos 0 ~. (b~ cosn 0 ~- c~ sin nO) O -n  -r (4.13) /~X - -  - -  ! 

n , = 2  

- 

. . .  

oo, 

n ~ 2  

_tp  C O S  o f t cos {}~ sin 0; + e 2 [A~K1 (p/2) - -  -~- So/2K ~ (0/2) ) 

p(') = -- a'p, I cos 6 + i (b~ cos n6 -{- c~ sin .0) p-~, (4.14) 
~mz2 

where  a ' ,  b '  n, and c '  n a re  a r b i t r a r y  cons tan t s .  

By us ing  (2.9), we find 

E~eI, ~ = ~ ~/~,-~ (sin 3o - ~i~ o). 

In c o r r e s p o n d e n c e  with (4.1), EReI  1 (a~I,/as:)=I1ERe(O~/.Ox), whence  

a '  = Co/~ - -  2A1, b~ -~ - -  2eJ~, 

b ~ = 0 ,  m = 3 ,  4 . . . . .  c ~ = 0 ,  n = 2 ,  3 . . . .  

w I t  c a n  be  shown [1] tha t  

w h e r e  /z = av  is the v i s c o s i t y  o f  the liquid, and u x and Uy a re  the x and y componen t s  o f  the v e c t o r  u,  r e s p e c -  

t ive ly .  

The in tegra t ion  is p e r f o r m e d  in the  flow phane along a c e r t a i n  con tour  S con ta in ing  the c r o s s  s ec t ion  of  
the  cy l inde r .  We sha l l  u se  a c i r c l e  with the r ad ius  L whose  c e n t e r  is at the coo rd ina t e  o r ig in  as  the c o n t o u r S .  
Using,  ins tead o f  Ux, Uy, co, and p,  t he i r  e x t e r n a l  expans ions ,  we find as Re ~ 0 

FNBV~Be[:(o(l)d;--:(p(,) ~u(~'))d~]-Jr-... for Be--~0. (5.1) 

Since F =0, all  the t e r m s  of  expans ion  (5.1) a l so  m u s t  van i sh .  By us ing  (4.2), (4.13), and (4.14), we obtain 

Thus ,  as  a r e s u l t  of  the fac t  tha t  the  dominan t  t e r m  of  expans ion  (5.1) van i shes ,  we have  

,4, ----- eo12/2. 

w We can now wr i te  the f inal  e x p r e s s i o n s  for  Ux 0), Uy (1), and co (i) 
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i 1 -~- p cos 0 
u(x l) = 2e0129 -2 cos 20 + -U e0f2 e [K 0 (p/2) - -  K2 (9/2) cos20]; 

p cos 0 
, t e0/2 e 2 [Kl~(p/2)_Kz(p/2)eosOlsinO; uCu i) = 2eof29 -2 sin 20 =- -~- 

t ~d=e-~- P cos 0 
r (t) = -~- [Kx (9/2) - -  K, (9/2) cos O] sin 9. 

1 ^ Consider ing that  0~,( )/0x = - U y  (1), and ~I' (1)/0~r =Ux (l) and using (3.3), (6.1), and (6.2), we find 

pcos8 
~(1) = 2eJ~p-Z sin 9 - -  e0l~e Kz (9/2) sin O. 

(6A) 

(6.2) 

(6.3) 

(6.4) 

Using (2,9) and (6.1)-(6.4), we obtain exp re s s ions  r  u x, Uy, and w for  which are  equally sui table for  the 
en t i r e  flow region.  Using the method of additive composi t ion [4], we find 

, 1%]2 sin 20; ~P ~ (la + E1 - -  IxE1) r = % + ~(t) q- _y 

i ~o/.r_ 1 (cos O + cos 30); (6.5) u~ ~ (I1 -b Eae - -  I1ERe) ~x = Uox %- Reu(xi)+ 7 

uu ~, (Ix ~, ERe - -  I1ERe) u u = Uou "~ Reu~ i) 
(6.6) 

2 eof~r-Z (sin 0 - -  sin 30); 

o) .~ (I  1 4- ERe= - -  I1ERe,) r : (')0 -- Re2r176 + 2eof2 r-~ sin 20, (6.7) 

where  U0x and U0y a re  the x and y components  of the vec to r  u0, r e spec t ive ly .  

The re la t ionsh ips  der ived  above make it poss ib le ,  in pa r t i cu la r ,  to answer  the question concerning the 
a sympto t i c  behavior  of the flow veloci ty  and vor t i c i ty  at la rge  d is tances  downs t r eam f r o m  the body under  con- 
s ide ra t ion  (for s m a l l  Re va lues) .  By using (6.5)-(6.7) and pass ing  to d imens ional  quanti t ies ,  we obtain the 
following asympto t ic  exp re s s ions :  

for  X ~  ~o and a fixed value of Y2/X. 

VooY 2 
.4 {VooY 2 ) 4vX 

V - - V ~ N i x - ~ 7 / ~  vX - - 2  e 

VooY= 
Y" (V~ - -  6) e 4vX 

1 _t/2 . ~.t/2rrl/2 I ~l1280f2a _t/2V~2" Here  A = : - 7 , ~  eoro_=v voo ; B = - X -  

The author is g ra te fu l  to B. A. Lugovtsov for  the many  useful  d i scuss ions  of the p rob l ems  connected with 
this work.  
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